/~\ ] q e})ﬂ()i C (Topo\037 b/ @eenbeftﬁ
Neke by Conom

(I> E)emen)canj Homoltopy (-ﬂ\eovj
§ Fundamental gnoup

X
(X %) =[S 1), (X %)

homa{’opy C|a55e$ 03[‘ )DOPS in X ot %

’ GYOUP ( ?Y\ULIJCC. = Covm]:osi'h'on)
X pajc% conmn. => WX, %) indep. 07[‘ %o ,up to isom.

- f O x) = () HJC ™M™ (X %)= T %)

; N Y
P T </

fo~ 5 vd A homotopy
A
— 3 F: Xs[ot]—X
Flaw =40 Flan =50 Flaa indepof I
Def X~ Y homotopy equvalert
<~—>3>< Yskq§~1x+§a~lx
Def. X ~ pt. contrackible (> m(X) = 0)
f~9 = J%% 9x on M
X ~Y = w(X) = mY)



“Theorem m(S") = Z

Note : <'=R/Z
In cjenena!, O{P 4 G =>nGh)=T

iscrete =0, Lie gp.

y o Y(1)

<PJ( SR ) B

) Appli caJc\'on’ Sl — 9D2 19 Vlo‘l_‘ a YeJtmcjc o§ DQ

<Reca”‘- X;céﬁ\]/) T netract Ey vl =1><)

P TF 3 pebadt D' S
‘g A
1%260{.
= m(S) %5 WMD) — M(S) (=)
B = o Z.

COT: :SZ:D?-Q = ij\-x Pom{,
(X Y) = W(X) x mlY)

2

€g. m(TH) = 27
’ >< — U U \/ w/ m(U) = o=7m(\)qU n\/Fa'U\ Conn.

:> qT\(X) = 0

eg. Mg =0 f 12 (¥ "= D: y D)

am alr}a ma:Leo\ sum

Remark In gene/lal, m(UoV) = ™) * mV)
called  Van Kamper's  theorem.



—_—

§ Coveﬂmg spaces E P X

v
<é ¥ ¥ X Inbd U st p'(U)=11Ss )7;/?:5“ hfmeefz.
gc ‘g E st. g 7%;) Cli:;iq:-aT
€9 R — <
(E . e.)

LAl

(Y,Vo) — (X, %)
Unique Lifting Theorem  comected

I3 5’ = JC’ unique.

(pajclw LincjtiﬂﬂTl'\eorem.
I (Y ,v.)=(l01].0) >3
Covem\an Hovnojropy_]_)f\eovew\

B FY1—X JF Y=1—F
Flv,. = § = Filveo =

Y xo
Assume 31, p-§'=f  p-F =F

Cor: px: MIE) 2 W (X)

_\ bis. -
™ (X)/P*rm(t)—é P (%) 1':F E conn.
(via l\'pc\'ng ]oops in X o Po:H'\ in E )

Tlf\eoYem I m(E) =9, then

E home E JC
N r‘lolAP O
w0 s (#] 15T} 20 v




3 L'\pcmﬂ eriterion .7 (E . e.)
(e\/efly space conn.) .%/g,/n J/P covering

(\(,70)—? (X, %)

Theorem 3 § & [um(Y) = pxmlE)

IV\ panjciculan, Coveﬂing/)v(—éx w/ ’11‘\(’>V<>= 0 s unique,

colled  univensal cov ening.

/—\” O'H'\(’I\ CO\/eflmgs E— X oxe ]oelow iJc, i.e.

f>v< ——> E — X (bdth are covem‘nqs)

(Remmkf Ig Swm“ \oops m X ane Con{rac%(l)le,>
e 3 X (e myd)

Proof of thm [=1 fx = }Dwf;

[(::’ (ons%r. ]C)(\/),'Soiy\ )’99_—>7 f)(V)
lift

7 Py

\/omy T cts = same §/(\/).

C}\OOSQ db@?ﬂ@’\% 9) _:> ’)’\880[ WI'COHO{{‘PQ

J[o Sl'\ow same f’(y).
QED



Pﬂop, M(G) Abelian ¥ G Lie gnoup

f———

,pg g.,T 1] "’G w/ 6’91:_(,91:8

deyfine TxT:] 5G w 0T |91 =e
by  0*T (1) = o) <)

0T 0T

7 4

q

\ J(st)(s)4

0]

€1 gyt ©

$

?
L

S

Ay



g Hig)nm ]’\OW\O)Copy gnoups

bOLSeoI loop Space {\ree ]oop Space

Ox X
Map(S X)—%MQP(S X)

|70 L

%, e X Y1)

>< — MQP( S‘ ) ><>*é,-bo.sealma?s
= Map ( (1.2, (X, %))

MW (X %)= [S, X«
= T (COly X) set oJC path conn. components.

Def. T (X, %) = T (O X %)

T tonst . loop

Theorem T2 (X)) commutative.
Lp:? Qfon (fi)«es) @ gnoup = T, A})eliom.

Theorem E Lovering, X = M. (E) éWZQ(X)

KD{ L;f ng cnitenion=> 3'§
e P\L Coverm3
7Tn>,:z(><> = § fé) —%X

m=0




(I[) Siw3u|an Homology

>< any JcOPo space

Sn uour' l’\ar\

Se(X)=2Z< o Aﬁ—+x>
A= —F [\\
T ° E,
.
E

thYe Fﬂ_\: Ag_—|"_) Aﬂ_ ! O\H\'V‘te 'VV\G\? 'll.io 9Aﬁ.’
Omi'l:'k\'mg i%—Pl:.

\ C /1)
A, —> X

e

mw—> D Sﬂ(X) — Sa—n (X)

P = 0 944
Ken 9 Zy cycles
Del: Hq (X) = —— =
Def L\oi | 9> Im 9 Se(X) Bg_ boundaries
ology

(COV\ Teplace Coeg. Z 137 avxy comm. ﬂ(ng R )
Ho(X) = Zbo w/  be =3 path comp. of X

/\/a%una)ijfyz ]C: X — Y
v £ (Su(X),2) — (S4(Y),2)

v Ly He OO — He(Y)



§ CL\O\(V\ Complex
C — { Cci-n —@% Ci—?; Cti-\’—"” . 99:0}

A ]< 9 ~ Z as R—W\od
w— H,(C) = 1.5 =B,

(C)‘ ;fa> exa(_'l’_ @ H-)((C> =0

C -
J
c’-e

N
ol [

S - C — C chain map "
v Jy 7 He(C) = Hx(C)
@ﬂop. S = 3 - C-C Cl'\ai\/\ l/\omOpry
<1:e. {-9=09D+D? aDrC—eC'[-H])
={2.D]
= £y = 9o Ha(O) — RulC)

Theorem. T(X) =0 = Heol X) = ©
ie. aSpL\PA\'ca\ S(X) acycl[C.

(Pf €= G0 —55 Z i) augmentdbion

(oazach —> 2 Q.

Pick be X w> S‘Pli%mf} Cy Jl—Z/ w € =12
(1 = b

(Want V[" ¢ = ].C* <:> C* ~ 7 aC>/cl|'c )
(I 5—1(:,:91) + DD
3Dy S0 — SpulX)




Do : SOOO — Sx(X) b
deffned Qs ’\’_é
(okay ‘X connected) T

2Dld) + %, =b - X =8 -
1

D) " g»(X) - gz(X)
3 D@ (7 mX)=0)

2.D,(7) + D, (2.7) [E@=0)
— (g -D(20)) + Dy (20) =0 =(1-n€)T

L'Ino(ucjt{vel\/ ~ D w 1-7M¢ = {B)D} QED.

‘T%eorem f,\, 9 - X =Y
= ste = 3& SDQ — S(\O
(= L= 9% - HOO = HO0)

Cor: X ~Y = Hx(X) = H.Y),

— Want
DJF: 5*“%*:{(9,])} 1D

D con be covxsjcmc)ced as Eeocore,
__bu)c Using )CNS instead of ¥ {~pt: =X




g H, = Abelianization 0§ M
T}leovem_ H(XZ) = 'Tﬂ(}()/[“n\(x),’ﬁ\()()]

In genoral, 73 (X) =2 Ha(X)
(05 (DY, ) =X can be treated ag Cycle >
4 }\omo'liopj Qs L)owno[aﬂy.

NOJC Sunsecjcive : {}\(2(23> — H2(29)
O 2
1'.e.23 Can be assembled to 2d cycle (w/o looly),

but cavnct use SF alone.

Not insechve: . (D) = 1L (2g) = 2
<oly, F5>~?—.‘

025 FS o{;‘f: =1
in multi. notokion
Each Acﬁch' ()’?

bouY\A.S O/\‘—"’D,
bw{ ’V\G{i ol{sl<

:> @1 NOT Ny,

‘Tlvm says 'H\is 1S 'H'\e only neason @1 FM— H, 7’10{ mny.

; ok / /*\. 90—:O:> \poly CO.V\ce\



p:r of H\eorem, Y

§1<Y’Sl—*><> = 0
— Y :9(2”1'07)
Y T Y
(gi::&.g.ﬂ%b b

(~20:)

= T\‘[@i]m = 1 c mMm(X)

LHR ~ all vepeoted A s Y
= Y (7;[(3;]”‘) c[m ,m]
1
= Yy € [, ]
Indeed ¥V =2 3 {:325D—X
QED




3 A =X ><
w0 S(A)= S.O0—X

S. (/-\)

e 9 Aecendg 1o quo{{en{

H(g(%% Jg).__: H. (X A) Te|aJci\/e L\omolow

’ Sl’\ov{‘v’: exach Sei. o]C cwng\exes.

mw—> lonq cxacjc seq: " L\omolocw

(Sjravxo'anol komoloaica\ a\g. o\rgumemjcs)

H.(A)—=H X)) —H (XA

[Z1e H;(OXLA) wr Z e Sq(X)/Sq(A) from Z € S(X)
g /()z = 0 n Sq—n (X>/§g-|(A)
=  9Z € S3.(A)

2[z) =[22] € Hqe (A)

Pﬂop. A <X netract = Hq (X) = Hg(A) @ He(X. A)

PJ(" Netract < Aé;—x st Yeo1= 1,

S H(A) R0 5 By (A —
|

Teeolx = 1H.(A>

Homelogicel

alg. ﬂovxg ex. SeT s?\ﬁ'_.




gome komologica] a\ﬂe'onas exexcises ¢

. )

Slﬂor]t exaclc Seq- o—>A — B —— (C—o
Sp]ﬂ:
Ay 3 AB ¢t kei = A

& 3 BL o sl = e
— B =A &C

?’IOV\-SPH: eq. °— / 2,7 — J,— ©

) Direc% sum lemma

.
AN Ao A

A-B—C =
N 3
C

Bath exact ot BB

(1
oN

7
O
B
i

« 5 Iemma.

comm, A'h_) Az——/‘ A3 > fu—> Ay < X .seq
diagram J/E lg l'y \lg \l/;

B BB BBy <« Seq .

— ¥ =



§ [ixms{on A X
Q

——

Theorem: U c A =
Ha (X~ U, A-U)—=> Hy (X, A)

58 Sﬂ = D-T 3«—\ D:\ ?
('neeo\ deform Ye‘l‘fac% '{fo slmrin\< D_? Q bit) v

Ho( S"~D2, DND.) =5 H, (87, D)

Hl Dy . S7) T
= i a>t.
el 5(1{: g>1 = H>=(D—\-)=O)
He (S™) H (5™
— HQ(S") = Ha-\(Sy‘_\) wlr\er\ 4g-1>0
= He(S") = { 4 =n (Easy for 9=1)
0 ojchevwise.

(% SYMC :Dn 'r\o-l' re‘l’Yac‘L — :Dn D)( , _:Jﬁx P)c)

Silarly, He(ZX) = Ha-i(X)  when g-1>0,

SUSPQY\S!OY‘\

s‘”;’“,{z :
° X+ [-1,1
dent @ o Rt
( {1} ~pt’
A 3% Aedr)~p

X*[-1]




r__iJf: Hg (X~ U, A-U)— Hy (X, A)
[Onto] [Znale by (x.A)
Assume  oll T5 are small G 3
SOO}C X\U or O—KC /E\

In HgOLA) , can throw away G's < A

Pe. an w/TJ; = XU
hence [———] = )“ (XU, AU ) = sur;.

[1-1] Similar

Remain: Replace ABV >lsmallen chains) ég

Sd Sq(><> 7 SQ(X) BaryCenjmc Subdivision
gd e = B‘L Sd (98q) By = banycen{ev‘

Sd§.=8 - Sl S, =B, Sd (2%)
A A SN N

avxo{ Sso on.

Sd§. = B Sd(28)
H ——o e
Claim. 1gw —Sd = 2T + T2, 37T:S4— S,

TSq =Re(8-Sd8-T28) & TS =0,

63.—]-81 :Bl('—'_.——‘—'— O)

=B L = A

9T & = ._/:_.S/S;S‘ = (g0 - Sd) S QED.



MQPPM3 cone
X
~ A= X m _i_((Al) M H*(X,/—\> ¢/00n3 ex. seq -

{ (G, 2) —> (Cx, 2)

7 r : SL\OT{
= 0 C* - C:gaéé C [- u*_? © O%. S&q.
\._;_\,—J | U —
Caé 57 Cam C*-\

EC)C(/C' , €) é(’a}c’—rf/c ), —2c)

i P §C
e 8C§ — <o _@)C

- O e
(H%(C') ”_9)4*(%()_9_,‘{}:@ €X.Sea.
“Her (€)= e

Seln, fsom = HCf) = o0

Com/ensely, H.(Cf) =0

i :
ﬁcfc S.Jc,gc"ﬁ—’\—’lc’Ci— ﬂ"fﬁlc

1.€. Cblam lnomojtopy.



n—+!

RemaY'LS Og'\ Sn — ﬂ’z 9(Xo;’Xn;---,X\n)

On+1) > q : Jd'— g
— %* = 1  (=det9)

Hn(sS™)
reason : () O+ 1) has 2 connected Componem{s
~ det q = 1 or -1,

(ii) Fo*( 9 = *(eflec’:\a on nypmplav\e ((9(,,,”5(4)'—9(“)6,.’5(&) )
| =1 (n=0y; indoct” Using 1.(8") = H.. (87 )

g%' (antipodal )x = (- D™ on Ha(S™).
anom\/awishmcj \/echor ]Cielol on S%@ neaz +1

(P:\C[:)] Move &= Sﬂ J(o -%X wio lanae c((c)e -urvru. U(’X))
[&] e R¥ 7 = C"" ~ votate 90" in each C

§ Mayeﬂ*\/[e%ov{s sequence

Xo=Xgh  (RQX)X

all open sets
Excision Jor A<= X4 X=X

- ‘%Hﬁﬂ(x‘ ,A) — HQA — HQXV‘%HQ_(XI JA)— Hg_—lA '—%HgﬂX\—?
= l y =l y J
_éHw(X ) XZ)—>HQ Xz‘ﬁ Hg X— HQ(X , %) — Hg- Xe— Ha-1 X— .

= - XNA = XN\ Az



o %H*,(Xl ,A) — HQ_(A)_> HQ(XA)“‘%HQO(\ ,A)— Hg_-\(A)H }'_\a*\X\ — -
o l ! [ J
S HC Y H, 00— Hy (X1 HalX , %) — Hy Y Hars X = -

Diogram

: JOV\g QXGC')Z sequence

chasing

o = Hg(A) —> Hgl%)  HylKa)— Hal)—— Hogu (A) =~

rTl\eorem “) 5 : S‘( — Sn L\omeo. into

= W= {0 G
In pan]ticu]wl, S~ j(g) iff r=n-1
(2) When v=n-1,
S JC ()= K, 0L Ko 2 connected components

O\V\d QK\ = 9K, = }(erw)‘
p§= Skippeo!.




3 Construct spaces.

X=>ALY [ }Z
v 7 2 XYY Y
Assume A Clg‘ ga(“lwﬂ X
. x e XA sepanable from A

+ Anbd A= B =X wAas strong deform vebradt of B

call collar OfA
E% A= X mid

>< \/_\ — Z\\(
Thearem Hy (X, A) —== Hy(Z,Y)

_’neeol collar o; A to shrink Yo A4 ZNY
o bit in orden 1o apply excision to
X2 B 2A Z 2 You{B) oY

>< ) }vum)
R —

/L\Hachir\@ n- cell : @ﬂ > SYML\( m— /

0 — Ha(B", $7)Zs HE(S™) — o
S\L:T* J/Sx

- S Hy(Z)— H (Z, ) —s HEL(Y) — -

— 0
oll veduced |

hOmology ]—4&(2) - H‘i(\{) '{g 9_ i— n-1, N

L o— Hn(Y) — Hu(Z2)— Z _)°+_> Hpa(Y) — Hn_\(z)—;o



Sp}\@\ica) Comp)ex 2 cuccesive aJc{acLing (fmi’ce# 05 ) cells
SJEO.Y'h'ng fﬂom Poinjcs.

g - =>9 —pt wo z=9"

&
81381 LOOM——?Z:TQ )(1“:
b
Move geneml\y, ‘;:Qr ete n—> /= Zq)

Hg_(z\o) = R, R . R

B'n - gY\—l LR[PY\_‘M Z _ RPY\

R 9=n
0 g>n

Q"l:ovs ion

elements ¥ O g n

R q9=0 R q=0
HQ(R[Pv? i Ra 9=1,2,--,N M_{R/l 9=12,--,n-I

n . m 2N—1 ! -
Be=8B =S )—-\ogpf;an)n] MZ:@V

(w;\y?)

7 f“ 9=o0,2. 4,21
HQ(QYPY‘):

@) oH'\e/lwise.
R = Q" s P e Z =MD

. Bwé - SV; _i"_> SS — ZZGIPI



Betti numben bg(X) = yank Hq(X.Z)
= dimg Hq (X, R)

Eu]m CLaﬁachemsJC{c X(X) = fi (- 03 EQ(X)

A= X »~ fong exac}: seq. in Hx
= A(X) = X(A) + X (X, A)

) Bﬂjgn-ﬂi_)\( M—}Z
= X(2) = XYY + (1)

Cor. >< Spl\emcal complex
0(3 = 3 ﬁ-dim. Cens useal Yo constr, X

= XX = ;Z;H)iola
(Cor N(X »Y) = X(X) » XCY)

V(K%Y =

Cor { N(X) + XCY), N odd
X(X) + X(\O - 9\, 7L even

COT. E — >< : d-folol coven Csay X —F\’r\i{e Ce“ CPX)
(sa rian u\a (on)
S HE) = d o R el



(]]D Oﬂienjcajc(on QLDUOHV on fmanigfolds.
§ Oﬂiemjtajc{on of "manbco)ds
X" (connected) Smooth mfd »— M
v Ro— N — X
(Loc. Yivialization - f(x) d¥'neon dX” w/f nonvam‘shmﬁ)

Orienjcajcion
— (lobal teiviolization U og /\n-&* ,up to *F(0 >0

@ﬁ/ A conn. ComPoneVTl‘. of /\Y\T; N X
— /\nT; ~ R (ie orientable)

* Should *nojc nequire X gmooth  (ie. 2T )

C,L\OO se

1° ¥ae X, Ho (X X vx) =R =2 dv  generator
(- excision ¢ Ha(B", S")=R)
2 3nbd U=« Hn(X,X\u)%Hh(X,x\x)
I Ay v A
3 YyeU, jlyj*(OzU) 6emena%es Ha(X, Xvy) =R

R“ Orienjcajcion é Compajcl'l)le Cl’lofce of oy
(equivalent if  olu's ace all the ame)

(3emeva{:fn3)

= Sec{iom o§ Jc\'\e Sl'\eaf /g \’:(U,,J):——— Hn (X,X\U)’

» R if ovn'cm{'aue
So X eptom mfd = Hn 0= { o othorwse  (F R Itdomai)

v X ) always Zz - oriem)cable :

X mon-orientable = 3 conmected />V< 2L X , SZ orfechaUe
(wvt R=2)



g Siﬂ(julaﬂ CO)'IOMO)ij
SHX) = ST = Homa (S0, R)

S=9*l
Keng

S*(X) § =0 m> H (X = TIms

SHX)
eq X mfl. (1'00 — SUX)  when R=R
¢ = ce=(lv=x)m § k)
d¢ 7 Cag = 5 (Shokes thm)
v HeX) — H(0
deRham thm says this is isom.

H‘i 13 Comjcva\/an ian’L Q,LV\C'LOY
Kong exact seq J(oY A— A — (X, A)

|r\ovn oJcopy nv.
gxcision

Mo\ym— erl:orf s seq.
A HHX) — H "

Z/z O



% Uni\/. Coeg- Jcl'\eorem
0 — Ext (Hy-1(%,2),G)— HX, Q) —Hom(Hg(X.2).G) =0

and 3 ﬂom-cawonical splinng

Wnite Ha(X.Z)=F Ty (e Z ©2Z3)

-fve [ Jc'oYsiov\

then H' = F @ T,
y /R ﬂeng\al, exacjc secl.M-%S)Dechral Seq.

* o oleJCme Ext (- ,”>,Tec0\” ﬂQSO\UKJC(OYl fov‘ﬂM "
P R-W\ool.

£
~~~~~ — (= (o= M—0 exad

U "
free (1e. Re™

R ]ffelol — 3 Cz]zO ’ Co:M-
. R=2Z = 3 (ya=0, o—o(C>C—>M—0

- ] (up {‘o clxain L\omo)copy) J’lesolﬂ.

. M (C..2) w5 (Hom( € ), T)

a e ](en 9*
EXtR(M:N) T Im ¥ Hi(Hom(C.,N))

¢ El-.-) = Hom(-.—)
Ext (M, V) classify extension € og M by N :
o— N—= ¢ —M—>o0
Co Ext(2,2) = Ext(Z. Zn) =0 921 needed
Ext (Zn.Z)= Zx




o —>A—=R—=C—o incluces (W V)
°—>HomR(C,N)—’HomR(B,N)—"HomR(A,[\/)D <P§;

Di agram

QExi;(c,m—>Ex£’R<B,N)—>Ech‘R(A,N)J chasing

CEX+_§<C,N) —Ext (B, N) = Ext oA, N) >

DL of U Cooff thm
05> Exb (Hne(2),6)— H'(X. G)—Hom(Ha(X,2).G) —o 7
) \ \/-\/

T y /G (=
Im2 (Sn’ /2 /Z

10 00— Brtl —> |<eﬂ9* S?f_> H: — 0

By — Et(He G) 0

% _Ken?d _ Ked/1nd _ H(X.G)
1.0. H“ - B:—\ - B:x/lmg* B EX)C(H'A-UG)

AS :COT SP\E'H\'Y\Q, Cl’\oose one :for o= Zp—> Sv\g Bn-—0.

*
° S Nl
1 24 T

*

oo W - Z S B o Bd(Ha,G)—e
1 f

o)

20 °© = Img*

= Done.

0 S,

T T*

Z:—n - Bw—; — EX{(H"‘")G>—_) ©
1 1

Sk, o
Kon " 8

x:m(*
Flahol s

Hi o W Kewel B =1 Swmilen=22° ceD




Theorem, [X, S 5> H(X,Z) i X
3 — JC*(orgS,) finite CW cpx

In Ha, 3(§) = §*<de>.

Fact: In 9ev\eﬂa\ >< G) =X, K&, 7’0]
Efen‘)enﬂ—

W/]<(G,Y‘> st. Th=G ¢ Mign =0 ( ()

MacLane spouc
g K(z,1) =S, K(z.2=CP".

—

Py
@: [X 81]“9Hom(Tﬂ(X>,(E%S;)) = Hom(H‘(X),Z> = H‘(X,Z>

lifting citerion = @ 1~

X ](\Mi)(e C\I\/ CPX. Mm— 2"8){43%0\ X DXQZ(S)V---V S‘)U 620~~~082
— = sth— F — T(X)—1

fow W00
¥ @m0 — Z =n(S)as an el in H(X,2))

M= 3 1’\: Xz'_> S‘ Sk. L\.)(. — (6 on fIT\ ((4)1'\7’7)

Fxtend h to (»L\o\e X (= m(Sh)=0) > v @D

L



% Cup pnoducjc
U s X)) e S — §T(X)
L___,_\f_J

o Hom (Sprs (. 2)
¢ ® d T
(cud)@c(ax) diop,) &
afvow\: pdim :fw.e bock 3_4\"" {o&e ° T om !

p=g=1
S(cvd) =(8§)vd+ e u(sd)
= ( H(X> / U) 3rao[ed R—a\geLna

NH’\QOYQYY\ ( H(X) , U) gmoled Commujrajti\le'

“P.e. Cud = (-1)”0‘\)(.

Remark : False i S(X).
REVVIML" IF X (s )’)’IOLYI'I:;D}O{,

X)) — S X)) ,  HeX)—=—HXR
N ‘7Xﬁ U N —— U

CQP PﬂOC)L{C{ SP+3 p SP —nﬁ Si ((lol‘join%: O’;\ U )
d(znc):=(Cud)(2)

= 0TS 4 1 T as vight modules



Df of thm

(Cud)@ &c(a2) dlapy)
H 71 Jront pdim foce bock g dim Jorce

+ (OI 3! C)(O‘) /\/eeo! JCo (Swope7 Jfron'k ¢+ \oacL Jcaces
m any simp\ex g € Sp( X)

6 ' Neversing indexes 01 2 - p

B : S(X) Y w 062=020

Clam: 1 -6 =92 +J9 on S.(X) (V)

RQOLSOV\" (1) Vv 7, C((ﬂ = SDO genma)ceol by
gaces OJC a (o.ny oYalminS o]c \/éﬁ%fces),

= Hso (C(@)) = 0

(2) Generol &B. -Pac{"— ¢3 S(X> — S(\()

4 Simplex O-,BOLCVCII'C C(G) < S(Y) } Oxcyc‘lfc
gb(cr) c C(ag) :V%S (G") CaxvieY

P

Gu=°0 = P~ 0 QED.

© Hop{ inv.  (skip)



§ rpoincmé dual ijry.

X" R-oriented mid
1F X ComPac-E w— ovienkats D € Hn(X)

/Dé Dnal=): }—4q(><)——> Hn-i<><)

jl’\eovem : D =
Pf Uses S-lemma Jfor H. of U.V, UV =V V.

So heeo! Qa 'y\on-cOmPac)c vension as well.

Now >< could be r\Or\-Compach,

COV“PQC'H)’ S’HP}DOY%QA COI’\OYY\D1097"

0

HU(X) = Lim, (X, X~K)

cP{ K <X
(K = K (30, XoKa) @ UK w3 HOOX K= H X X Koo dim)
orienjcajc{on m— DK S H»«(X X\K>
Dy n(=)+ H (X, XoK)— H,e g (X)

(ho{' nelajcive c\ass, s dual to H.Gel)x K (absolute) — H.(vel) )

Toking 23 = D+ He (X)— Hpea(X)

PD. D =

C X =Y D L H 00— HLY),
Instead [ HOOHD f - £ propen.



DL LPD 10 ULV, UaV Y R Y v

+ 5lemma?

2" For U:B“),enougl'\ to take K:B(Y‘),‘f“d
(" Yept KcU K cB(v> 3 1<)

Den: H'(B , BrB) = Ho(B)=R

ond all othews agne zenos. = V

30 >< — U'max. - MMax open S:\(. ’P’D \/ .
\/ any Swmn lmn BY\C >< (§>PD \/>

UaV (= R") PD V (wﬁ&e U B<e>”?:vei)

Countable CSo-y Cevter € Q"

then 1= PD JCW Uy 0V = \/JCO X .
HIO) = R

u‘ X CP{—' oYieYr):aHe , = ,/{'ovsion °:§ H.

by (X) =bny(X) and T3 = Tnog-

—

HH(CP" Z) 28

% Alexanden duah{
Theorem.  (Cpt. Qorlemjceo\ ')’Y\JCO{ X :C%JA =

Co M (30 ) — H(X0 — H 5

Heoe M(A) == Lim . H(V)

Open \/ =7
( £ ™~V vevense inc cluss ‘orn )




H (A)— H(A )C A submid,
(more genenally if A has Absolute Mbd Retrack (eq subvanity)

TL]eonem (A\leanoler 'Dualijty) Same assumPJc{on,
= Da: H(A) == Hng (X, X:A)

3 Lefschetz Duality
N”lem”em R~orienjceo! CPJE 'rmCOI ><Y1 w/ 190'7 9><
> HT(X) — H(2X) = HY(X.oX) —

Y L—_ﬁ_ W lRD. Va \L’—:—

T —>HYI-3+\(><,9X) — Hn-i(gx)_9 l’“]'y\-g_(X> —>

Le&c)«e)cz Fixe@[ ?omjc “Theorem

3 Product

Theorem (Kiinneth foymula) R :PID, then
Hy\(X" \{> — EPD HPX ® Hh-p\( * @TOY(HQX,HW}-tY)

UY\‘V- (‘oeg“, H\m
o— Hn(X.Z2) ®R — Hn(X,R)— Tor(Hm(X,2),R)—©



8 Thom class 4 Lef. fix pt. thm
Tlf\eorem. an R—on‘ehjtecl 'rmcol e
H" (XX, XX v a)= o

3 H" (XX, XX \A>$ "X

st. PRI = Blyun € HOX, Xo)

r\H’\OWI C]aSS fﬂ 15 3,{. QS(/'W:: DL/OYL'.
]Q X = Ym both cpt. oriented
M Sx]_ 3X"Y’_’\{"\(, ’éHm<\(,\() 1'mao\)eo§
¥ 1 /ﬂ\(m T[’lom clO\SS o§ Y
o pgo= (D) Uy € H(XY)

C S er= g /ovac  HED = HO

Now Jf; XL (GeX=Y)
© M 40 = me:% 3 X
Le = A e HI(X)

Le]CSCL\ech numben /\JC = L;(Dx)
(#0 =3 fu ob)

Theorem /¢ = > (-0* Tr (£ HOO2)



